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WHICH RATIONAL DOUBLE POINTS OCCUR ON DEL PEZZO SURFACES?
CLAUDIA STADLMAYR
ABSTRACT. We determine all configurations of rational double points that occur on RDP del Pezzo surfaces of
arbitrary degree and Picard rank over an algebraically closed field k of arbitrary characteristic char(k) = p ≥ 0,
generalizing classical work of Du Val to positive characteristic. Moreover, we give simplified equations for all
RDP del Pezzo surfaces of degree 1 containing non-taut rational double points.
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1. INTRODUCTION
Throughout this article, we work over an algebraically closed field k of characteristc char(k) = p ≥ 0.
Quite classically, del Pezzo surfaces admitting at worst rational double point singularities (also called RDP
del Pezzo surfaces, Gorenstein log del Pezzo surfaces or Du Val del Pezzo surfaces) first appeared as non-
degenerate surfaces of degree d in Pd which are not cones or projections of surfaces of minimal degree. A
first natural question to ask is the following:
Question 1.1. Which rational double points occur on del Pezzo surfaces?
For 1 ≤ d ≤ 9, we define the lattice E9−d as the orthogonal complement of the vector (−3, 1, . . . , 1) in
the unimodular lattice I1,9−d of signature (1, 9 − d) defined by the matrix diag(1,−1, . . . ,−1). Over the
complex numbers, the answer to Question 1.1 is old:
• If d ≥ 3, a configuration Γ of rational double points occurs on an RDP del Pezzo surface Xd
of degree d if and only if the lattice Γ′ spanned by the irreducible components of the exceptional
divisor of the minimal resolution X˜ of X embeds into the lattice E9−d. If d ≥ 5, this is elementary
to check, while if d = 4 it was proven by Timms [Tim28] in 1928, and if d = 3 it was proven by
Schla¨fli [Sch63] in 1863.
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2 CLAUDIA STADLMAYR
• If d = 2, then X2 is a double cover of P2 branched over a quartic curve. Simple singularities of
plane quartics, and thus RDPs on X2, were classified by Du Val [DV34] in 1934. It turns out that Γ
occurs on some X2 if and only if Γ′ embeds into E7 and Γ is not of type 7A1.
• If d = 1, then X1 is a double cover of a quadric cone in P3 branched over a sextic curve and the
possible singularities of the branch locus have also been classified by Du Val [DV34]. It turns out
that Γ occurs on some X1 if and only if Γ′ embeds into E8 and Γ 6∈ {D4 + 4A1, 8A1, 7A1}.
Besides these very classical sources, we refer the reader to [Ura83] for a more modern treatment of the cases
where d ∈ {1, 2}. From the above discussion, we see that if we do not care about the degree of X , but only
about whether Γ occurs on some RDP del Pezzo surface, then the lattice E8 plays a central roˆle and we note
that the classification of root sublattices of E8 is also quite classical and goes back to Dynkin [Dyn52].
Thus, we are mainly interested in Question 1.1 in the case p > 0, even though our methods also recover
Du Val’s results over the complex numbers. While an answer to Question 1.1 may be known to the experts
if p 6= 2, 3, 5, it becomes particularly subtle in small characteristics, where a rational double point is not
necessarily taut, that is, it is not necessarily uniquely determined by its dual resolution graph. Such non-taut
rational double points can only occur in characteristic 2, 3, and 5, and have first been studied and classified
by Artin [Art77]: there are only finitely many rational double points with the same resolution graph and they
are distinguished by a coindex that we call Artin coindex (see Table 6 for a summary of all non-taut rational
double points).
Very recently, there has been substantial progress on RDP del Pezzo surfaces in positive characteristic:
• In characteristic at least 5, RDP del Pezzo surfaces of Picard rank 1 have been classified by Lacini
in [Lac20], generalizing work of Ye [Ye02] and Furushima [Fur86] (see also [MZ88] and [MZ93]).
• In characteristic 2 and 3, Kawakami and Nagaoka [KN20] classify RDP del Pezzo surfaces of Picard
rank 1 and determine some, but not all, of the Artin coindices of the rational double points that
occur. They also investigate in detail some interesting pathological examples in characteristic 2 that
will also appear as exceptional cases in the present article (see Proposition 3.2).
In this article, instead of studying RDP del Pezzo surfaces of small Picard rank, which play a prominent roˆle
in the minimal model program as minimal Gorenstein log del Pezzo surfaces (see e.g. [MZ93, Lemma 2]), we
want to approach the problem from a more classical angle and try to find a satisfying positive characteristic
analogue of Du Val’s work relating Question 1.1 to the lattice E8.
Before stating our main result, let us fix some terminology. We say that a sum Γ′ =
∑
i Γi,ni of root
lattices (that is, Γi ∈ {A,D,E}) occurs on a weak del Pezzo surface X˜ , if it is isomorphic to the lattice
spanned by all (−2)-curves on X˜ . Moreover, we consider the condition
(E8+T[`=2]) There is an embedding ι : Γ′ ↪→ E8 such that (E8/ι(Γ′))[2] ⊆ (Z/2Z)2,
where [2] denotes the 2-torsion subgroup. Then, Theorem 1.2 gives a complete answer to Question 1.1.
Theorem 1.2. Let Γ =
∑
i Γ
ki
i,ni
be an RDP configuration with Artin coindices ki and let Γ′ =
∑
i Γi,ni be
the lattice spanned by the irreducible components of the exceptional divisor of its minimal resolution. Then,
the following hold.
(1) If p 6= 2, then the following are equivalent:
• Γ occurs on an RDP del Pezzo surface.
• Γ′ satisfies Condition (E8+T[`=2]).
• Γ′ embeds into E8 and Γ′ 6∈ {D4 + 4A1, 8A1, 7A1}.
(2) If p = 2, then the following are equivalent:
• Γ′ occurs on a weak del Pezzo surface.
• Γ′ embeds into E8 and Γ′ 6∈ {2A3 + 2A1, A3 + 4A1, 6A1}.
(3) If p = 2 and Γ contains a non-taut summand, then the following are equivalent:
• Γ occurs on an RDP del Pezzo surface.
• Γ occurs in Table 3, 4, or 5.
(4) Moreover, in the Tables 1, 2, 3, 4, and 5, we give equations for all RDP del Pezzo surfaces of degree
1 containing a non-taut rational double point.
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Remark 1.3. We will see in Proposition 3.2, that, if p 6= 2, all rational double points that occur on some
RDP del Pezzo surface also occur on an RDP del Pezzo surface of degree 1. This fails for precisely four RDP
configurations in characteristic 2, namely for Γ ∈ {E07 , D06 + A1, D04 + 3A1, 7A1}, each of which occurs
on a unique RDP del Pezzo surface of degree 2. These four surfaces coincide with the surfaces described in
[KN20, Theorem 1.3.(2)]. Note, however, that the (−2)-curve configurations of types E7 and D6 + A1 do
occur on weak del Pezzo surfaces of degree 1 in characteristic 2, whereas the configurations of (−2)-curves
D4 + 3A1 and 7A1 do not.
Remark 1.4. One way of classifying RDP configurations on RDP del Pezzo surfaces over the complex
numbers is to reduce to the case of RDP del Pezzo surfaces of Picard rank 1 or 2 as described in [MZ93,
Lemma 2, Lemma 4]. However, as it is unclear whether this reduction also works in positive characteristic
(in particular if p = 2, 3, 5), and since the classification of RDP del Pezzo surfaces of Picard rank 2 in
positive characteristic is not available yet, we will pursue a different approach in this article.
The structure of this article and thus also the structure of the proof of Theorem 1.2 is as follows: After
recalling the classification of non-taut rational double points in Section 2, we show in Section 3.1 that an
RDP configuration occurs on an RDP del Pezzo surface if and only if it occurs on an RDP del Pezzo surface
of degree 1, with the exception of the four configurations mentioned in Remark 1.3. Then, in Section 3.2,
we recall the well-known connection between RDP del Pezzo surfaces of degree 1 and Weierstraß models of
rational (quasi-)elliptic surfaces. In Section 3.3, we explain how this connection, and the theory of Mordell-
Weil groups, can be exploited to classify all configurations of (−2)-curves that can occur on weak del Pezzo
surfaces. This reduces Question 1.1 to non-taut RDPs and thus to characteristics 2, 3, and 5. Finally, the bulk
of the article is devoted to the classification of RDP del Pezzo surfaces of degree 1 with at least one non-taut
rational double point in characteristic 2, 3, and 5. This is achieved by using the classification of singular
fibers of rational (quasi-)elliptic surfaces due to Ito [Ito92], [Ito94] and Jarvis–Lang–Rimmasch–Rogers–
Summers–Petrosyan [JLR+05], [Lan00] to derive simple equations for these RDP del Pezzo surfaces that
allow us to explicitly determine the Artin coindices of the rational double points that occur.
Notation. In Tables 1, 2, 3, 4, and 5 we list all possible RDP configurations containing a non-taut rational
double point in Column 1. In Column 2, we give simplified Weierstraß equations for all RDP del Pezzo
surfaces of degree 1 containing the respective configuration. If an extra condition on parameters in such an
equation leads to extra RDPs, the condition is written under the respective equation separated by a dashed
line. The equation above a dashed line is assumed to satisfy none of the conditions listed below it. In
Columns 3 and 4 we give the discriminant ∆ and the j-invariant j of the corresponding rational (quasi-)
elliptic surface, whose type in the notation of Lang/Ito/Miranda–Persson is given in Column 5 and we note
in Column 6 whether the fibration is elliptic or quasi-elliptic.
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RDP
configuration
Weierstraß equation of X
in P(1, 1, 2, 3)
∆ = j =
Mirandas’s &
Persson’s type
E8
E08 y
2 = x3 + t5s −2t10s2 0 X22
E18 y
2 = x3 + t4x+ t5s t10(t2 − 2s2) 3t12∆ X211
Table 1. E8 singularities on del Pezzo surfaces in char(k) = 5
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Weierstraß equation of X in P(1, 1, 2, 3)
condition for extra RDPs
∆ = j =
Lang’s /
Ito’s type
ell /
q-ell
E6
E06 y
2 = x3 + t4x+ t4s2 −t12 0 6C ell
E06 y
2 = x3 + t3sx+ a6,5t
5s+ t4s2 −t9s3 0 6A ell
+ A1 if a6,5 = 0 6A 5. ell
E06 + A2 y
2 = x3 + t4s2 0 3.3(2) q-ell
E16 y
2 = x3 + t2x2 + a6,5t
5s+ t4s2 −t10s(a6,5t+ s) t12∆ 6B ell
+ A1 if a6,5 = 0 6B 2. ell
E16 y
2 = x3 + t2x2 + a6,5t
5s+ a6,4t
4s2 + t3s3 −t9s(a6,5t2 + a6,4ts+ s2) t12∆ 6A ell
+ A1 if a6,4 6= 0 and (a6,5 = 0 or a6,5 = a26,4) 6A 2. ell
+ A2 if a6,5 = 0 and a6,4 = 0 6A 1. ell
E7
E07 y
2 = x3 + t3sx+ t5s −t9s3 0 7 ell
E07 + A1 y
2 = x3 + t3sx −t9s3 0 7 5. ell
E17 y
2 = x3 + t2x2 + a6,5t
5s− t4s2 + t3s3 −t9s(a6,5t2 − ts+ s2) t12∆ 7 ell
+ A1 if a6,5 ∈ {0, 1} 7 2. ell
E8
E08 y
2 = x3 + t5s 0 3.3(1) q-ell
E18 y
2 = x3 + t4x+ t5s −t12 0 8B ell
E28 y
2 = x3 + t2x2 + t5s −t11s − ts 8A 1. ell
Table 2. E6, E7 and E8 singularities on del Pezzo surfaces in char(k) = 3
W
H
IC
H
R
A
T
IO
N
A
L
D
O
U
B
L
E
PO
IN
T
S
O
C
C
U
R
O
N
D
E
L
PE
Z
Z
O
SU
R
FA
C
E
S?
5
RDP
configuration
Weierstraß equation of X in P(1, 1, 2, 3)
condition for extra RDPs
∆ = j =
Lang’s /
Ito’s type
ell /
q-ell
D4
D04 y
2 + t3y = x3 + (a4,2s
2 + a4,3ts+ a4,4t
2)t2x+ s3t3 t12 0 12B ell
D04 y
2 + t2sy = x3 + a2,1tsx
2 + a4,3t
3sx+ a6,6t
6 + t3s3 t8s4 0 12A ell
+ A1 if a6,6 = 0 and a4,3 6= 0 12A 10A ell
+ A2 if a6,6 = a4,3 = 0 12A 11 ell
D04 + 3A1 occurs only in degree 2 (see Proposition 3.2 (C.))
D04 + 4A1 y
2 = x3 + (t3s+ a4,2t
2s2 + ts3)x with a4,2 6= 0 0 5.2.(f) q-ell
D04 + D
0
4 y
2 = x3 + a4,2t
2s2x+ t3s3 0 5.2.(d) q-ell
D14 y
2 + txy = x3 + a2,1tsx
2 + a6,5t
5s+ a6,4t
4s2 + t3s3 t9s(a6,5t
2 + a6,4ts+ s
2) t
12
∆ 4B. ell
+ A1 if (a6,5 = 0 and a6,4 6= 0) or (a6,5 6= 0 and a6,4 = 0) 4B. 2. ell
+ A2 if a6,5 = a6,4 = 0 4B. 3. ell
D14
y2 + txy = x3 + a2,1tsx
2 + a6,5t
5s+ a6,4t
4s2 + a6,3t
3s3 + t2s4
with a2,1 + a6,3 6= 0
t8s(a6,5t
3 + a6,4t
2s+ a6,3ts
2 + s3) t
12
∆ 4A. ell
+ A1 if (a6,5 = 0 and a6,3 6= 0) or a6,5 = a6,4a6,3 6= 0 4A. 2. ell
+ 2A1 if a6,5 = a6,3 = 0 and a6,4 6= 0 4A. 4. ell
+ A2 if (a6,5 = a6,4 = 0 and a6,3 6= 0) or (a26,3 = a6,4 and a36,3 = a6,5 6= 0) 4A. 3. ell
+ A3 if a6,5 = a6,4 = a6,3 = 0 4A. 5. ell
D5
D05 y
2 + t2sy = x3 + (a2,2t
2 + ts)x2 + a6,5t
5s t8s4 0 13A ell
+ A1 if a6,5 = 0 and a2,2 6= 0 13A 10A ell
+ A2 if a6,5 = a2,2 = 0 13A 11 ell
D15
y2 + txy = x3 + a2,1tsx
2 + a6,5t
5s+ a6,4t
4s2 + a6,3t
3s3 + t2s4
with a2,1 = a6,3
t8s(a6,5t
3 + a6,4t
2s+ a6,3ts
2 + s3) t
12
∆ 5A. ell
+ A1 if (a6,5 = 0 and a6,3 6= 0) or a6,5 = a6,4a6,3 6= 0 5A. 2. ell
+ 2A1 if a6,5 = a6,3 = 0 and a6,4 6= 0 5A. 4. ell
+ A2 if (a6,5 = a6,4 = 0 and a6,3 6= 0) or (a26,3 = a6,4 and a36,3 = a6,5 6= 0) 5A. 3. ell
+ A3 if a6,5 = a6,4 = a6,3 = 0 5A. 5. ell
Table 3. D4 and D5 singularities on del Pezzo surfaces in char(k) = 2
6
C
L
A
U
D
IA
STA
D
L
M
A
Y
R
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configuration
Weierstraß equation of X in P(1, 1, 2, 3)
condition for extra RDPs
∆ = j =
Lang’s /
Ito’s type
ell /
q-ell
D6
D06 + A1 occurs only in degree 2 (see Proposition 3.2 (B.))
D06 + 2A1 y
2 = x3 + (t3s+ t2s2)x 0 5.2.(e) q-ell
D16 y
2 + t3y = x3 + (a2,2t
2 + a2,1ts)x
2 + t3sx t12 0 13B ell
D26 y
2 + txy = x3 + a2,1tsx
2 + a6,5t
5s+ t4s2 with a2,1 6= 0 t10s(a6,5t+ s) t12∆ 5B. ell
+ A1 if a6,5 = 0 5B. 2. ell
D7
D17 y
2 + t3y = x3 + tsx2 t12 0 13C ell
D27 y
2 + txy = x3 + a2,1tsx
2 + t5s with a2,1 6= 0 t11s ts 5C. ell
D8
D08 y
2 = x3 + t2s2x+ t5s 0 5.2.(b) q-ell
D38 y
2 + txy = x3 + tsx2 + a6,6t
6 with a6,6 6= 0 a6,6t12 1a6,6 5D. ell
Table 4. D6, D7 and D8 singularities on del Pezzo surfaces in char(k) = 2
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RDP
configuration
Weierstraß equation of X in P(1, 1, 2, 3)
condition for extra RDPs
∆ = j =
Lang’s /
Ito’s type
ell /
q-ell
E6
E06 y
2 + t2sy = x3 + a2,2t
2x2 + a6,5t
5s t8s4 0 14 ell
+ A1 if a6,5 = 0 and a2,2 6= 0 14 10A ell
+ A2 if a6,5 = a2,2 = 0 14 11 ell
E16 y
2 + txy = x3 + tsx2 + a6,5t
5s+ a6,4t
4s2 + t3s3 + t2s4 t8s(a6,5t
3 + a6,4t
2s+ ts2 + s3) t
12
∆ 6. ell
+ A1 if (a6,5 = 0 and a6,4 6= 0) or a6,5 = a6,4 6∈ {0, 1} 6. 2. ell
+ A2 a6,5 = a6,4 ∈ {0, 1} 6. 3. ell
E7
E07 occurs only in degree 2 (see Proposition 3.2 (A.))
E07 + A1 y
2 = x3 + t3sx 0 5.2.(c) q-ell
E27 y
2 + t3y = x3 + t3sx t12 0 15 ell
E37 y
2 + txy = x3 + a6,5t
5s+ t4s2 t10s(a6,5t+ s)
t12
∆ 7. ell
+ A1 if a6,5 = 0 7. 2. ell
E8
E08 y
2 = x3 + t5s 0 5.2.(a) q-ell
E38 y
2 + t3y = x3 + t5s t12 0 16 ell
E48 y
2 + txy = x3 + t5s t11s ts 8. ell
Table 5. E6, E7 and E8 singularities on del Pezzo surfaces in char(k) = 2
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2. NON-TAUT RATIONAL DOUBLE POINTS IN POSITIVE CHARACTERISTIC
Recall that rational double point (RDP) is one of the names for a canonical surface singularity. The
n ≥ 1 irreducible components of the exceptional divisor of its minimal resolution span a negative definite
root lattice Γn of type Γ ∈ {A,D,E}. If p 6= 2, 3, 5, every rational double point is taut, that is, its formal
isomorphism class is uniquely determined by Γn. It turns out that this fails for certain rational double points
in small characteristics. Nevertheless, Artin [Art77] was able to give a classification of formal isomorphism
classes of these non-taut rational double points and, in particular, he proved that there are only finitely
many isomorphism classes Γ1n, . . . ,Γ
kn
n for each fixed Γn. The number k in Γ
k
n is called Artin coindex of
the rational double point (e.g., if p = 5, there are two distinct rational double points E08 and E
1
8 both of
which have resolution graph of type E8). We call a formal sum Γ =
∑
i Γ
ki
i,ni
of such RDPs Γkii,ni an RDP
configuration.
In the following Table 6 (where n ≥ 2 and 1 ≤ r ≤ n − 1), we listed Artin’s equations for the non-
taut rational double points together with the dimension m of their miniversal deformation spaces. Here, we
observe that the Artin coindices for a given Dynkin type can be distinguished by m:
Observation 2.1. The completions of two rational double points are isomorphic if and only if they have the
same resolution graph and the dimensions m of their miniversal deformation spaces coincide.
The following well-known Proposition 2.2 provides a way to calculate m for hypersurface singularities,
and thus in particular for the rational double points.
Proposition 2.2. [Art76, Ch. 1, §4] Let the local ring R = k[x, y, z](x,y,z)/(f) be a normal surface singu-
larity given by one equation f ∈ k[x, y, z]. Then, the tangent space Tf of the deformation functor DefSpecR
of SpecR is given by
Tf := DefSpecR(k[]/(
2)) ∼= k[x, y, z](x,y,z)/(f,
∂f
∂x
,
∂f
∂y
,
∂f
∂z
).
Characteristic 5
Type Equation m
E8
E08 z
2 + x3 + y5 10
E18 z
2 + x3 + y5 + xy4 8
Characteristic 3
Type Equation m
E6
E06 z
2 + x3 + y4 9
E16 z
2 + x3 + y4 + x2y2 7
E7
E07 z
2 + x3 + xy3 9
E17 z
2 + x3 + xy3 + x2y2 7
E8
E08 z
2 + x3 + y5 12
E18 z
2 + x3 + y5 + x2y3 10
E28 z
2 + x3 + y5 + x2y2 8
Characteristic 2
Type Equation m
Dn
D02n z
2 + x2y + xyn 4n
Dr2n z
2 + x2y + xyn + xyn−rz 4n− 2r
D02n+1 z
2 + x2y + ynz 4n
Dr2n+1 z
2 + x2y + ynz + xyn−rz 4n− 2r
E6
E06 z
2 + x3 + y2z 8
E16 z
2 + x3 + y2z + xyz 6
E7
E07 z
2 + x3 + xy3 14
E17 z
2 + x3 + xy3 + x2yz 12
E27 z
2 + x3 + xy3 + y3z 10
E37 z
2 + x3 + xy3 + xyz 8
E8
E08 z
2 + x3 + y5 16
E18 z
2 + x3 + y5 + xy3z 14
E28 z
2 + x3 + y5 + xy2z 12
E38 z
2 + x3 + y5 + y3z 10
E48 z
2 + x3 + y5 + xyz 8
Table 6. Types of non-taut rational double points in char(k) = 2, 3, 5
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3. FROM DEL PEZZO SURFACES TO RATIONAL (QUASI-)ELLIPTIC SURFACES
In this section, we reduce Question 1.1 to the corresponding question for Weierstraß models of rational
(quasi-)elliptic surfaces. On the way, we recall the necessary background on del Pezzo surfaces and rational
(quasi-)elliptic surfaces as well as their connection.
3.1. From del Pezzo surfaces to del Pezzo surfaces of degree 1. Recall the following related notions of
del Pezzo surfaces.
Definition 3.1. Let X and X˜ be projective surfaces.
• X is a del Pezzo surface if it is smooth and −KX is ample.
• X˜ is a weak del Pezzo surface if it is smooth and−K
X˜
is big and nef. The lattice
∑
i Γi,ni ⊆ Pic(X˜)
spanned by all the (−2)-curves on X˜ is called configuration of (−2)-curves on X˜ .
• X is an RDP del Pezzo surface if all its singularities are rational double points and −KX is ample.
The formal sum
∑
i Γ
ki
i,ni
of the formal isomorphism classes of all the rational double points on X is
called RDP configuration of X .
In all the above cases, the number deg(X) = K2X (resp. deg(X˜) = K
2
X˜
) is called the degree of X (resp. X˜).
Note that weak del Pezzo surfaces are precisely the minimal resolutions of RDP del Pezzo surfaces and
every RDP del Pezzo surface X is obtained by contracting all the (−2)-curves on a weak del Pezzo surface
X˜ . If the RDP configuration of X is
∑
i Γ
ki
i,ni
, then the configuration of (−2)-curves on X˜ is∑i Γi,ni .
The following observation tells us that, in order to understand rational double points on del Pezzo surface,
it suffices to understand them on del Pezzo surfaces of degree 1 with precisely four exceptions in character-
istic 2:
Proposition 3.2. Let Γ =
∑
i Γ
ki
i,ni
be an RDP configuration. If Γ occurs on an RDP del Pezzo surface, but
not an an RDP del Pezzo surface of degree 1, then p = 2 and Γ is one of the following:
(A.) Γ = E07
(B.) Γ = D06 +A1
(C.) Γ = D04 + 3A1
(D.) Γ = 7A1
Moreover, there is a unique RDP del Pezzo surface (necessarily of degree 2) realizing each of these excep-
tional cases.
PROOF. IfX is an RDP del Pezzo surface of degree d ≥ 2 with RDP configuration Γ, we want to construct
an RDP del Pezzo surface X1 of degree 1 with the same configuration Γ by finding a point p ∈ X˜ , where
X˜ is the minimal resolution of X , such that Blp(X˜) and X˜ have the same configuration of (−2)-curves.
Contracting the (−2)-curves on Blp(X˜) yields an RDP del Pezzo surface of degree (d − 1) with RDP
configuration Γ, so the claim will follow by induction.
We fix a realization of X˜ as a blow-up of P2 in (possibly infinitely near) points p1, . . . , p9−d. Using the
precise description of (−2)-curves on X˜ (see e.g. [MS20, Lemma 2.8.(i)]), we see that the blow-up of X˜ in
a point p ∈ X˜ will be a weak del Pezzo surface with the same configuration of (−2)-curves as X˜ if and only
if the following two conditions are satisfied:
(1) p does not lie on a (−1)- or (−2)-curve on X˜ , and
(2) if d = 2, then p is not the singular point of the strict transform C˜ of an irreducible singular cubic
C ⊆ P2 through p1, . . . , p7.
Since there are only finitely many negative curves on X˜ , we can always find a p that satisfies Condition (1).
Thus, we may assume that d = 2. To deal with Condition (2), note that every C˜ as in Condition (2) is a
member of the two-dimensional linear system | −K
X˜
| and consider the variety
I = {(C˜, p) | C˜ ∈ | −K
X˜
| is integral and singular, and p is its singular point}.
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Denoting the sublocus of singular curves in | −K
X˜
| as | −K
X˜
|sing, we have a correspondence
I
pr2 //
pr1

X˜
| −K
X˜
|sing   // | −KX˜ |,
where pr1 is quasi-finite. If the image of pr2 is not dense in X˜ , then we can find a p satisfying Conditions
(1) and (2). Hence, we have to show that if pr2 is dominant, then Γ is one of the four Exceptions (A.), (B.),
(C.), or (D.)
If pr2 is dominant, then
2 = dim | −K
X˜
| ≥ dim | −K
X˜
|sing = dim I ≥ dim(X˜) = 2,
and since |−K
X˜
|sing is closed in |−KX˜ | ∼= P2, we have |−KX˜ |sing = |−KX˜ |, that is, every anti-canonical
curve on X˜ is singular. By [KN20, Theorem 1.3.(2)] the (−2)-curve configuration Γ′ associated to Γ is one
of the following:
(A’.) Γ′ = E7
(B’.) Γ′ = D6 +A1
(C’.) Γ′ = D4 + 3A1
(D’.) Γ′ = 7A1
So, we still have to determine the Artin coindices in Cases (A’.), (B’.) and (C’.). By [KN20, Remark 5.2,
Remark 5.5, and Remark 5.8] and [Ito94, Theorem 5.2.], the non-taut rational double points in these cases
are isomorphic to RDPs that occur in partial resolutions of the affine surfaces in A3 given by
(A”.) y2 = x3 + t5,
(B”.) y2 = x3 + t3x, and
(C”.) y2 = x3 + (t3 + t)x, respectively.
We see from Table 6 that the first two cases are E08 and E
0
7 , respectively. In Case (C”.) one can apply
Proposition 2.2 to see that the singularity is of type D06. By [Sta18, Theorem 2.70., Table 10], the Artin
coindex of a rational double point appearing in a partial resolution of a rational double point with coindex 0
is itself 0. Hence, the Artin coindices in the exceptional Cases (A’.), (B’.), and (C’.) are all 0.
The existence and uniqueness of the four exceptional cases was proved in [KN20, Theorem 1.3., Table 1]
(note that there seems to be a typo in part (3) of the theorem, where 7A1 should be replaced by 2D4). 
Thus, Proposition 3.2 reduces the initial Question 1.1 to the following one:
Question 3.3. Which rational double points occur on RDP del Pezzo surfaces of degree 1?
3.2. From del Pezzo surfaces of degree 1 to rational (quasi-)elliptic surfaces. To answer Question 3.3,
we will exploit the connection between weak (resp. RDP) del Pezzo surfaces of degree 1 and rational
(quasi-)elliptic surfaces (resp. Weierstraß models of those). For this, let us first recall their definition (see for
example [CD89, Chapter V]).
Definition 3.4. Let Y and Y˜ be projective surfaces.
• Y˜ is a rational (quasi-)elliptic surface if it is smooth, rational, and admits a morphism f : Y˜ → P1
such that the following conditions hold:
– f is surjective with f∗OY˜ = OP1 ,
– the generic fiber of f is a regular curve of arithmetic genus 1,
– there are no (−1)-curves in fibers of f , and
– f admits a section σ0 : P1 → Y˜ .
• The Weierstraß model Y of Y˜ is the surface obtained from Y˜ by contracting all components of fibers
of f that do not meet σ0(P1).
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Remark 3.5. In the literature one usually finds the definition of a (quasi-)elliptic surface as a pair of a
surface and a (quasi-)elliptic fibration. Since Y˜ is rational, the canonical bundle formula shows that it admits
a unique (quasi-)elliptic fibration induced by | −K
Y˜
|, so we do not need to specify the fibration. Similarly,
while a priori the Weierstraß model Y seems to depend on the chosen section σ0 of f , any two such sections
are interchanged by an automorphism of Y˜ , so the associated Weierstraß models are isomorphic, and thus
we will not keep track of the section.
Note that, because all components of reducible fibers of f are (−2)-curves, the Weierstraß model Y of Y˜
has only rational double points as singularities. So, analogously to Section 3.1, we define the configuration
of (−2)-curves on Y˜ and the RDP configuration of Y . Note, however, that the configuration of (−2)-curves
on Y˜ is not a sum of root lattices in general.
We assume that the reader is familiar with the Kodaira–Ne´ron classification of singular fibers of (quasi-)
elliptic surfaces as described for example in [Sil94, Table 4.1, p.365]. In the following Table 7, we summarize
which Kodaira–Ne´ron type of a fiber in Y˜ leads to which rational double point on its image in Y . Here, we
denote a smooth point by A0, and we have n ≥ 1 for type In and n ≥ 0 for type I∗n.
Kodaira–Ne´ron type I0 In II III IV I∗n IV
∗ III∗ II∗
Rational double point A0 An−1 A0 A1 A2 D4+n E6 E7 E8
Table 7. Kodaira–Ne´ron types and corresponding rational double points
By [Dol12, Section 8.3.2] an RDP del Pezzo surface X of degree 1 is isomorphic to a sextic hypersurface
V (f6) ⊆ P(1, 1, 2, 3) and, conversely, a sextic hypersurface in P(1, 1, 2, 3) with at worst rational double
point singularities defines an RDP del Pezzo surface of degree 1. Such sextics are of the form
(W) y2 + a1xy + a3y = x3 + a2x2 + a4x + a6,
where the ai ∈ k[t, s] are homogeneous of degree i and t, s, x, y are of degrees 1, 1, 2, 3, respectively.
Projecting P(1, 1, 2, 3) onto t and s yields a rational map P(1, 1, 2, 3) 99K P1, which, when restricted to
the RDP del Pezzo X = V (f6) is given by the linear system | −KX | and has precisely one base point (at
s = t = 0, y2 = x3). Blowing up the base point yields the Weierstraß model Y → P1 of a rational (quasi-)
elliptic surface f : Y˜ → P1, where the zero section σ0 on Y resp. Y˜ is the exceptional (−1)-curve of this
blow-up. Conversely, for a rational (quasi-)elliptic surface f : Y˜ → P1 with chosen section σ0, contracting
all components of fibers not meeting σ0 yields its Weierstraß model Y , and contracting also σ0, we obtain an
RDP del Pezzo surface X of degree 1. In turn, X is the anti-canonical model of a weak del Pezzo surface X˜
of degree 1, which, when blown-up in the base point of its anti-canonical linear system | −K
X˜
| gives back
Y˜ . This connection is summarized in the following commutative diagram (WdP1):
Y˜

//
f
((
Y

// P1
X˜ // X
??
In particular, since the morphism Y → X is the blow-up of a smooth point, this diagram shows the
following:
Observation 3.6. A configuration of rational double points occurs on an RDP del Pezzo surfaceX of degree
1 if and only if it occurs on the Weierstraß model of a rational (quasi-)elliptic surface.
Thus, Question 3.3 is equivalent to the following one:
Question 3.7. Which rational double points occur on Weierstraß models of rational (quasi-)elliptic surfaces?
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3.3. Configurations of (−2)-curves on weak del Pezzo surfaces: Reduction to non-taut RDPs. Let Γ =∑
i Γi,ni be a configuration of (−2)-curves. Consider the following three conditions, where p = char(k)
and ` 6= p is a prime and the respective torsion parts are denoted by [. . .].
(E8) There is an embedding ι : Γ ↪→ E8.
(E8+T[`]) (E8) and (E8/ι(Γ))[`] ⊆ (Z/`Z)2.
(E8+T[p]) (E8), and if p > 0, (E8/ι(Γ))[p] ⊆ Z/pZ or (E8/ι(Γ)) ∼= (Z/pZ)n for some n ≥ 0.
The reason why we consider the above three conditions is the following lemma.
Lemma 3.8. Let Γ =
∑
i Γi,ni be a configuration of (−2)-curves. If Γ occurs on a weak del Pezzo surface
of degree 1, then it satisfies Condition (E8+T[p]) and (E8+T[`]) for all ` 6= p = char(k).
PROOF. Let X˜ be a weak del Pezzo surface of degree 1 realizing Γ. Let f : Y˜ → P1 be the associated
rational (quasi-)elliptic surface as in Diagram (WdP1) and let MW(f) be its group of sections.
By [OS91, Theorem 3.1], there is an embedding ι : Γ ↪→ E8 such that rk(MW(f)) = 8 − rk(Γ) =
rk(E8/ι(Γ)) and MW(f)tors = (E8/ι(Γ))tors. For all n ≥ 0, we have (E8/ι(Γ))[n] = (MW(f))[n] ⊆
Xsmη¯ [n], where X
sm
η¯ is the smooth locus of the geometric generic fiber of f . If f is elliptic, then X
sm
η¯ [`]
∼=
(Z/`Z)2 and Xsmη¯ [p] ⊆ Z/pZ, so the Conditions (E8+T[p]), and (E8+T[`]) are satisfied for all ` 6= p =
char(k). If f is quasi-elliptic, then MW(f) is a finitely generated subgroup of Xsmη¯ ∼= Ga, so MW(f) ∼=
(Z/pZ)n for some n ≥ 0. In particular, E8/ι(Γ) ∼= (Z/pZ)n, so again both conditions are satisfied. 
The root sublattices of E8 have been classified by Dynkin [Dyn52, §5., Table 11, p.385]. We can easily
check which of them satisfy the conditions above.
Lemma 3.9. Let Γ =
∑
i Γi,ni ⊆ E8 be a configuration of (−2)-curves. Then, the following hold:
(1) Γ satisfies (E8+T[q]) for q 6= 2,
(2) If p 6= 2, then (E8+T[` = 2]) is satisfied if and only if Γ 6∈ {D4 + 4A1, 8A1, 7A1}.
(3) If p = 2, then (E8+T[p=2]) is satisfied if and only if Γ 6∈ {D4+3A1, 2A3+2A1, A3+4A1, 7A1, 6A1}.
PROOF. The groups (E/Γ)tors have been calculated by Oguiso and Shioda in [OS91, Corollary 2.1] for
all Γ except D4 + 4A1, 8A1, and 7A1. Using their results, we leave it to the reader to check that for
Γ 6∈ {D4 + 4A1, 8A1, 7A1} the Conditions (E8+T[`]) are satisfied for all `, and Γ does not satisfy Condition
(E8+T[p]) if and only if p = 2 and Γ ∈ {D4 + 3A1, A3 + 4A1, 2A3 + 2A1, 6A1}. We will now treat the
three remaining cases.
• If Γ = D4 + 4A1, then E8/Γ = (Z/2Z)3 by [Ito94, Table 1]. So, Γ satisfies (E8+T[p]), and it
satisfies (E8+T[`]) if and only if ` 6= 2.
• If Γ = 8A1, then E8/Γ = (Z/2Z)4 by [Ito94, Table 1]. So, Γ satisfies (E8+T[p]), and it satisfies
(E8+T[`]) if and only if ` 6= 2.
• Finally, if Γ = 7A1, then there is a unique embedding of 7A1 into E8 by [Dyn52, §5., Table 11,
p.385]. So, this embedding coincides with 7A1 ↪→ 8A1 ↪→ E8 and thus E8/7A1 has rank 1 and
E8/7A1[2] contains (Z/2Z)3. Hence, Γ never satisfies (E8+T[2]), but it satisfies all (E8 + T[q]) with
q 6= 2.

Proposition 3.10. Let Γ :=
∑
i Γi,ni be a configuration of (−2)-curves. Then, the following are equivalent:
(1) Γ occurs on a weak del Pezzo surface of degree 1.
(2) Γ satisfies (E8+T[2]).
PROOF. The implication (1) to (2) follows immediately from Lemma 3.8.
For the converse, we have to show that every configuration of (−2)-curves that satisfies (E8+T[2]) occurs
on a weak del Pezzo surface of degree 1, or, equivalently, as the configuration of (−2)-curves that do not meet
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a fixed chosen section σ0 on a rational (quasi-)elliptic surface. We remind the reader that we summarized
the relation between these curve configurations and the corresponding Kodaira–Ne´ron types in Table 7.
For p 6= 2, 3, this is precisely the content of [SS19, Theorem 8.7] (see also [OS91, Remark 2.7]). For
p = 3, it follows from the classification of singular fibers of elliptic surfaces in characteristic 3 [JLR+05],
that every Γ that satisfies (E8+T[2]) occurs on an elliptic surface, except Γ = 4A2. By [Ito92, Theorem 3.3],
this Γ is realized on a quasi-elliptic surface. Similarly, if p = 2, one can use [Lan00] and [Ito94] to check
that every Γ that satisfies (E8+T[2]) occurs on some (quasi-)elliptic surface. 
Combining the results of this section, we can give a proof of Theorem 1.2 for configurations of taut
rational double points and thus, in particular, in characteristic different from 2, 3, and 5:
PROOF OF THEOREM 1.2 FOR TAUT RDPS. Let Γ =
∑
i Γ
ki
i,ni
be an RDP configuration and assume
that all the Γkii,ni are taut, so Γ is uniquely determined by its associated configuration of (−2)-curves Γ′ :=∑
i Γi,ni . Hence, we have the following equivalences:
Γ occurs on an RDP del Pezzo surface
Prop. 3.2⇐===⇒ Γ occurs on an RDP del Pezzo surface of degree 1
all Γi,ni taut⇐=====⇒ Γ′ occurs on a weak del Pezzo surface of degree 1
Prop. 3.10⇐====⇒ Γ′ satisfies (E8+T[2])
Lem. 3.9⇐===⇒ Γ′ satisfies (E8) and Γ′ 6∈ {D4 + 4A1, 8A1, 7A1}.
This proves Theorem 1.2 in the case where all the Γi,ni are taut. 
Thus, we have reduced Question 3.3 to the following:
Question 3.11. Which non-taut RDPs occur on Weierstraß models of rational (quasi-)elliptic surfaces?
The remainder of this article will be devoted to finding an answer to this question.
4. CLASSIFICATION OF NON-TAUT RDP DEL PEZZO SURFACES OF DEGREE 1
In this section, we will explain how to derive simple equations for non-taut RDP del Pezzo surfaces
of degree 1 from the classification of singular fibers of rational (quasi-)elliptic surfaces given in [Mir90],
[JLR+05], [Lan00], [Ito92], and [Ito94]. Using these simplified equations, it is straightforward to determine
the Artin coindices of the rational double points that occur by applying Proposition 2.2. We will exemplify
this final step in Example 4.3 and Example 4.5 in characteristic 2 and 3, respectively.
4.1. Simplified Weierstraß equations. Depending on the characteristic, the Weierstraß equation (W) (if
p = 2, under the additional assumption that it contains a non-taut rational double point) for an RDP del
Pezzo surface X of degree 1 with associated rational elliptic surface f : Y˜ → P1 can be simplified to an
equation of the following form:
(W0) y2 = x3 + a4x + a6 if p 6= 2, 3,
(W3) y2 = x3 + a2x2 + a4x + a6 if p = 3, and
(W2) or y
2 + a1xy = x
3 + a2x
2 + a4x + a6 if p = 2.(W2’) y2 + a3y = x3 + a2x2 + a4x + a6
This is well-known if p 6= 2. If p = 2, to see that we can simplify (W) to an equation of the form (W2) or
(W2’), we first observe that by Table 7 the non-taut rational double points (see Table 6) correspond to certain
additive fibers of f . Hence, Tate’s algorithm shows that, if X contains a non-taut rational double point, then
in (W) we may assume t | a1 and t | a3. Thus, if a1 = 0, we get (W2’) and if a1 6= 0, we can assume that a3a1
is a polynomial and x 7→ x+ a3a1 transforms (W) to an equation of the form (W2).
4.2. Automorphisms of P(1, 1, 2, 3) preserving simplified Weierstraß equations. In order to find simple
equations for degree 1 RDP del Pezzo surfaces with non-taut rational double points, let us have a look at
which automorphisms of P(1, 1, 2, 3) send an equation of the form (W0), (W3), (W2) or (W2’) to an equation
of the same form.
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First, observe that substitutions in t and s only, that is, those inducing the trivial automorphism on P1,
always preserve these typs of equations. Thus, let us focus on those automorphisms of P(1, 1, 2, 3) fixing t
and s.
4.2.1. Automorphisms of P(1, 1, 2, 3) over P1 if p 6= 2, 3. A general substitution fixing t and s and sending
a Weierstraß equation of the form (W0) to one of the same form is given by
x 7→ λ2x, y 7→ λ3y with λ ∈ k∗.
This sends (W0) to y2 = x3 + 1
λ4
a4x+
1
λ6
a6.
4.2.2. Automorphisms of P(1, 1, 2, 3) over P1 if p = 3. A general substitution fixing t and s and sending a
Weierstraß equation of the form (W3) to one of the same form is given by
x 7→ λ2x+ f
y 7→ λ3y
with λ ∈ k∗ and f ∈ k[t, s] homogeneous of degree 2. This sends (W3) to
y2 = x3 +
1
λ2
a2x
2 +
1
λ4
(a4 + 2a2f)x+
1
λ6
(a6 + a4f + a2f
2 + f3).
4.2.3. Automorphisms of P(1, 1, 2, 3) over P1 if p = 2.
(W2) A general substitution fixing t and s and sending a Weierstraß equation of the form (W2) to one of
the same form is given by
x 7→ λ2x
y 7→ λ3y + fx+ g
with λ ∈ k∗ and f, g ∈ k[t, s] homogeneous of degree 1 and 3, respectively. This sends (W2) to
y2 +
1
λ
a1xy = x
3 +
1
λ6
(λ4a2 + λ
2a1f + f
2)x2 +
1
λ4
(a4 + a1g)x+
1
λ6
(a6 + g
2).
(W2’) A general substitution fixing t and s and sending a Weierstraß equation of the form (W2’) to one of
the same form is given by
x 7→ λ2x+ f
y 7→ λ3y + gx+ h
with λ ∈ k∗ and f, g, h ∈ k[t, s] homogeneous of degree 2, 1 and 3, respectively. This sends (W2’) to
y2+
1
λ3
a3y = x
3+
1
λ6
(λ4a2+g
2+λ4f)x2+
1
λ6
(λ2a4+a3g+λ
2f2)x+
1
λ6
(a6+a4f+a3h+a2f
2+f3+h2).
4.3. Proof of Theorem 1.2 in Characteristic 5. Assume p = 5. Let Γ =
∑
i Γ
ki
i,ni
be an RDP configuration
containing a non-taut RDP and let Γ′ =
∑
i Γi,ni be the associated configuration of (−2)-curves. By Table
6, we have Γi,ni = E8 for some i and by Proposition 3.2 and Lemma 3.8, Γ can only occur on an RDP del
Pezzo surface if Γ′ embeds into E8. Thus, to prove Theorem 1.2 in characteristic 5, it suffices to consider
Γ ∈ {E08 , E18}. Note that Γ′ embeds into E8 and Γ′ = E8 6∈ {D4 + 4A1, 8A1, 7A1}. On the other hand,
the following proposition shows that both of these rational double points occur, so Theorem 1.2 holds in
characteristic 5.
Proposition 4.1. Each of the rational double points E08 and E18 occurs on an RDP del Pezzo surface X of
degree 1. Moreover, every RDP del Pezzo surface of degree 1 containing a non-taut rational double point is
given by an equation as in Table 1.
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PROOF. By Table 7, the rational elliptic surface associated to an RDP del Pezzo surface of degree 1 with a
singularity of type E8 admits a fiber of type II∗. By [Lan91, Theorem 2.1] and [Lan94, Theorem 4.1.] there
are precisely two such elliptic surfaces and their Weierstraß equations in P(1, 1, 2, 3) are
(4.1) y2 = x3 + t5s
and
(4.2) y2 = x3 + t4x+ t5s.
Considering the affine chart s = 1 and comparing with Table 6, we see that Equation (4.1) defines a singu-
larity of type E08 and Equation (4.2) defines a singularity of type E
1
8 . 
4.4. Proof of Theorem 1.2 in Characteristic 3. Assume p = 3. Let Γ =
∑
i Γ
ki
i,ni
be an RDP configuration
containing a non-taut RDP and let Γ′ =
∑
i Γi,ni be the associated configuration of (−2)-curves. By Table
6, we have Γi,ni ∈ {E6, E7, E8} for some i and by Proposition 3.2 and Lemma 3.8, Γ can only occur on an
RDP del Pezzo surface if Γ′ embeds into E8. Thus, by Dynkin’s classification [Dyn52, Table 11], to prove
Theorem 1.2 in characteristic 3, it suffices to consider
(4.3) Γ ∈ {E08 , E18 , E28 , E07 +A1, E07 , E17 +A1, E17 , E06 +A2, E06 +A1, E06 , E16 +A2, E16 +A1, E16}.
Note that for all of the Γ above, we have Γ′ 6∈ {D4 + 4A1, 8A1, 7A1}. On the other hand, the following
proposition shows that all these possiblities occur on some RDP del Pezzo surface, so Theorem 1.2 holds in
characteristic 3.
Proposition 4.2. Each RDP configuration Γ in the List (4.3) occurs on an RDP del Pezzo surface of degree
1. Moreover, every RDP del Pezzo surface of degree 1 containing a non-taut rational double point admits an
equation as in Table 2.
PROOF. By Table 7, we have to study those RDP del Pezzo surfaces X whose associated rational (quasi-)
elliptic surface Y˜ has a singular fiber of type IV∗, III∗, or II∗. In the elliptic case and in the notation of
[JLR+05], these correspond to the Types 6A, 6B, 6C, 7, 8A, and 8B. In the quasi-elliptic case and in the
notation of [Ito92, Theorem 3.3], these correspond to Cases (1) and (2).
All the Weierstraß equations for X ⊆ P(1, 1, 2, 3) given in [JLR+05] and [Ito92] are already of the form
(W3). To simplify them and determine the rational double points that occur, we will proceed along the
following steps:
(1.) Carry out a substitution in t and s only.
(2.) Apply an automorphism of P(1, 1, 2, 3) over P1 preserving the form (W3) as in Subsection 4.2.2.
(3.) Check for additional rational double points (e.g. using Tate’s algorithm [Tat75] to determine the
other reducible fibers of the underlying rational (quasi-)elliptic surface).
[(4.) Determine the Artin coindices as described in Section 2, e.g. via Proposition 2.2. This will be left to
the reader, but we will show how it works in Example 4.3.]
Lang’s Type 6A (IV∗). X is given by y2 = x3 + c0t2x2 + c1t3x + c2t4 with t - c1, t - c2 and ci ∈ k[t, s]
homogeneous of degree i. From now on, let us distinguish the cases c0 = 0 and c0 6= 0.
• c0 = 0:
(1.) Since t - c1, we can apply an automorphism of P1 to assume c1 = s. Then, scaling s 7→
λ3s, t 7→ λ−1t for an appropriate λ, we can write c2 = s2 + c2,1ts+ c2,2t2.
(2.) x 7→ x− 3√c2,2t2, y 7→ y yields the equation y2 = x3 + t3sx+ a6,5t5s+ t4s2.
(3.) We have ∆ = −t9s3 and by Tate’s algorithm the fiber at s = 0 is reducible if and only if
a6,5 = 0 in which case it has two components; so the RDP configuration on X is E6 + A1 in
this case.
• c0 6= 0:
(1.) Rescaling t and s, we can assume c0 = 1. Then, we have ∆ = −t9(c2t−c21t+c31). Since t - c1,
we can apply a substitution of the form s 7→ µs + λt for appropriate µ, λ ∈ k such that s | ∆
and the coefficient of −t9s3 in ∆ is 1.
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(2.) x 7→ x+ c1t, y 7→ y yields the equation y2 = x3 + t2x2 + a6,5t5s+ a6,4t4s2 + t3s3.
(3.) We have ∆ = −t9s(a6,5t2 + a6,4ts + s2) and we see by Tate’s algorithm that the RPD
configuration on X is E6 + A2 if a6,5 = a6,4 = 0, that it is E6 + A1 if a6,4 6= 0 and
(a6,5 = 0 or a6,5 = a26,4), and E6 otherwise.
Lang’s Type 6B (IV∗). X is given by y2 = x3 + c0t2x2 + d0t4x+ c2t4 with t - c0, t - c2 and ci, di ∈ k[t, s]
homogeneous of degree i.
(1.) Rescaling t and s, we can assume c0 = 1. Then, we have ∆ = −t10(c2 − d20t2 + d30t2). Since t - c2,
we can apply a substitution of the form s 7→ µs + λt for appropriate µ, λ ∈ k such that s | ∆ and
the coefficient of −t10s2 in ∆ is 1.
(2.) x 7→ x+ d0t2, y 7→ y yields the equation y2 = x3 + t2x2 + a6,5t5s+ t4s2.
(3.) We have ∆ = −t10s(a6,5t+ s) and we see by Tate’s algorithm that the RDP configuration on X is
E6 +A1 if a6,5 = 0, and E6 otherwise.
Lang’s Type 6C (IV∗). X is given by y2 = x3 + d0t4x + c2t4 with t - d0, t - c2 and ci, di ∈ k[t, s]
homogeneous of degree i.
(1.) Using an automorphism of P1 we can assume that d0 = 1 and c2 = s2 + c2,2t2.
(2.) x 7→ x+ λt2, y 7→ y with λ3 + λ+ c2,2 = 0 yields the equation y2 = x3 + t4x+ t4.
(3.) Since ∆ = −t12, X has no other singularities apart from E6.
Lang’s Type 7 (III∗). X is given by y2 = x3 + c0t2x2 + c1t3x + d1t5 with t - c1 and ci, di ∈ k[t, s]
homogeneous of degree i. From now on, let us distinguish the cases c0 = 0 and c0 6= 0.
• c0 = 0:
(1.) Since t - c1, we can apply an automorphism of P1 to assume c1 = s. Write d1 = d1,0s+ d1,1t.
Then, scaling s 7→ λ3s, t 7→ λ−1t for an appropriate λ, we can assume d31,0 − d1,1 ∈ {0, 1}.
(2.) x 7→ x− 3√d1,1t2, y 7→ y yields the equation y2 = x3 + t3sx+ (d1,0 − 3√d1,1)t5s.
(3.) We have ∆ = −t9s3 and by Tate’s algorithm the fiber at s = 0 is reducible if and only if
d31,0−d1,1 = 0 in which case it has two components; so the RDP configuration onX isE7 +A1
in this case, and E7 if d31,0 − d1,1 = 1.
• c0 6= 0:
(1.) Rescaling t and s, we can assume c0 = 1. Then, we have ∆ = −t9(d1t2 − c21t + c31). Since
t - c1, we can apply a substitution of the form s 7→ µs + λt for appropriate µ, λ ∈ k such that
s | ∆ and the coefficient of −t9s3 in ∆ is 1.
(2.) x 7→ x+ c1t, y 7→ y yields the equation y2 = x3 + t2x2 + a6,5t5s− t4s2 + t3s3.
(3.) We have ∆ = −t9s(a6,5t2−ts+s2) and we see by Tate’s algorithm that the RPD configuration
on X is E7 +A1 if a6,5 ∈ {0, 1}, and only E7 otherwise.
Lang’s Types 8A and 8B (II∗). These equations have been simplified by Lang in [Lan94] and they are as
described in the second column of Table 2.
Quasi-elliptic surfaces: Ito’s Types 3.3(1) (II∗) and 3.3(2) (IV∗). These equations have been simplified by
Ito in [Ito92, Theorem 3.3] and they are as described in the second column of Table 2. 
Example 4.3. Consider Lang’s Type 7 with c0 6= 0 simplified as in the proof of Proposition 4.2 and localized
at the E7 singularity at t = x = y = 0:
f = y2 − (x3 + t2x2 + a6,5t5 − t4 + t3) = 0.
Applying Proposition 2.2, we have
Tf = k[t, x, y](t,x,y)/(f, tx
2 + a6,5t
4 − t3, xt2,−y)
∼= k[t, x](t,x)/(x3 + a6,5t5 − t4 + t3, tx2 + a6,5t4 − t3, xt2)
∼= k[t, x](t,x)/(x3 + t3, tx2 − t3, xt2) =: R,
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where for the second isomorphism we have used that 0 = t2x2 + a6,5t5 + t4 = t4(1 + a6,5t), hence
t4 = 0, as 1 + a6,5t is a unit. Now, it is easy to check that R is generated as a k-vector space by
1, x, x2, x3, t, tx, tx2, tx3, t2, hence dimTf = 7. Therefore, by Table 6, the Artin coindex of this E7 singu-
larity is 1.
4.5. Proof of Theorem 1.2 in Characteristic 2. Assume p = 2. Let Γ =
∑
i Γ
ki
i,ni
be an RDP configuration
containing a non-taut RDP and let Γ′ =
∑
i Γi,ni be the associated configuration of (−2)-curves. By Table
6, we have Γi,ni ∈ {Dn, E6, E7, E8} for some i.
First, observe that if Γ ∈ {E07 , D06 +A1, D04 + 3A1}, then Γ occurs on a weak del Pezzo surface of degree
2 by Proposition 3.2. Moreover, its associated Γ′ embeds into E8 and Γ′ 6∈ {2A3 + 2A1, A3 + 4A1, 6A1},
so Theorem 1.2 holds for these three exceptional cases.
Next, if Γ 6∈ {E07 , D06 +A1, D04 + 3A1}, then, by Proposition 3.2, Γ occurs on an RDP del Pezzo surface
if and only if it occurs on an RDP del Pezzo surface of degree 1. Hence, by Lemma 3.8, Theorem 1.2 holds
for all Γ such that Γ′ does not embed into E8. Thus, we may assume that Γ′ embeds into E8 and we note
that Γ′ 6∈ {2A3 + 2A1, A3 + 4A1, 6A1}, since Γ contains a non-taut summand. On the other hand, it will
follow from Proposition 4.4 that every such Γ′ occurs on some weak del Pezzo surface of degree 1. Thus,
the following Proposition 4.4 finishes the proof of Theorem 1.2.
Proposition 4.4. An RDP configuration Γ containing a non-taut rational double point occurs on an RDP
del Pezzo surface if and only if it occurs in Table 3, 4, or 5. Moreover, every RDP del Pezzo surface of degree
1 containing a non-taut rational double point is given by an equation in one of these tables.
PROOF. This time, not all of the Weierstraß equations for X ⊆ P(1, 1, 2, 3) in the classification of rational
(quasi-)elliptic surfaces in [Lan00], [Lan94] and [Ito94] are of the form (W2) or (W2’). Thus, to simplify
them, we have to add a 0th Step, before we can go on with our procedure as follows:
(0.) Transform the Weierstraß equation into the form (W2) or (W2’).
(1.) Carry out a substitution in t and s only.
(2.) Apply an automorphism of P(1, 1, 2, 3) over P1 preserving the form (W2), or (W2’), respectively, as
in Subsection 4.2.3.
(3.) Check for additional rational double points (e.g. using Tate’s algorithm [Tat75] to determine the
other reducible fibers of the underlying rational (quasi-)elliptic surface).
[(4.) Determine the Artin coindices as described in Section 2, e.g. via Proposition 2.2. This will be left to
the reader, but we will show how it works in Example 4.5.]
Lang’s Type 4A (I∗0). X is given by y2 + txy + c1t2y = x3 + d1tx2 + e1t3x + c3t3 with t - c1, t - c3 and
ci, di, ei ∈ k[t, s] homogeneous of degree i.
(0.) We want to transform the Weierstraß equation into one of the form (W2). For this, send x 7→ c1t to
obtain the new equation y2 + txy = x3 + d1tx2 + e2t2x+ c3t3 with t - e2 and t - (e2d1 + c3).
(1.) For this new equation, we have ∆ = t8(c3t + e22). Since t - e2, we can apply a substitution of the
form s 7→ µs+ λt for appropriate µ, λ ∈ k such that s | ∆ and the coefficient of t8s4 in ∆ is 1.
(2.) We write d1 = d1,0s + d1,1t. Then, x 7→ x, y 7→ y + λtx + e2t, where λ is chosen in such a way
that λ2 + λ = d1,1. This yields the equation
y2 + txy = x3 + a2,1tsx
2 + a6,5t
5s+ a6,4t
4s2 + a6,3t
3s3 + t2s4 with a2,1 + a6,3 6= 0.
(3.) We have ∆ = t8s(a6,5t3 + a6,4t2s + a6,3ts2 + s3). By Tate’s algorithm we see that the RDP
configuration on X is D4 + A3 if a6,5 = a6,4 = a6,3 = 0, that it is D4 + A2 if (a6,5 = a6,4 =
0 and a6,3 6= 0) or (a26,3 = a6,4 and a36,3 = a6,5 6= 0), that it is D4 + 2A1 if a6,5 = a6,3 = 0 and
a6,4 6= 0, that it is D4 +A1 if (a6,5 = 0 and a6,3 6= 0) or a6,5 = a6,4a6,3 6= 0, and that it is only D4
otherwise.
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Lang’s Type 4B (I∗0). X is given by y2 + txy+ c0t3y = x3 +d1tx2 +e1t3x+ c3t3 with t - c3 and ci, di, ei ∈
k[t, s] homogeneous of degree i.
(0.) We want to transform the Weierstraß equation into one of the form (W2). For this, send x 7→ c0t2 to
obtain the new equation y2 + txy = x3 + d1tx2 + e1t3x+ c3t3 with t - c3.
(1.) For this new equation, we have ∆ = t9(c3 + e21t). Since t - c3, we can apply a substitution of the
form s 7→ µs+ λt for appropriate µ, λ ∈ k such that s | ∆ and the coefficient of t9s3 in ∆ is 1.
(2.) We write d1 = d1,0s + d1,1t. Then, x 7→ x, y 7→ y + λtx + e1t2, where λ is chosen in such a way
that λ2 + λ = d1,1. This yields the equation y2 + txy = x3 + a2,1tsx2 + a6,5t5s+ a6,4t4s2 + t3s3.
(3.) We have ∆ = t9s(a6,5t2 +a6,4ts+s2). By Tate’s algorithm we see that the RDP configuration onX
isD4+A2 if a6,5 = a6,4 = 0, that it isD4+A1 if (a6,5 = 0 and a6,4 6= 0) or (a6,5 6= 0 and a6,4 = 0),
and that it is only D4 otherwise.
Lang’s Type 5A (I∗1). X is given by y2 + txy + c1t2y = x3 + d1tx2 + e1t3x + c2t4 with t - c1, t - d1 and
ci, di, ei ∈ k[t, s] homogeneous of degree i.
(0.) We want to transform the Weierstraß equation into one of the form (W2). For this, send x 7→ c1t to
obtain the new equation y2 + txy = x3 + d1tx2 + e2t2x+ c3t3 with t - e2 and t | (e2d1 + c3).
(1.) For this new equation, we have ∆ = t8(c3t + e22). Since t - e2, we can apply a substitution of the
form s 7→ µs+ λt for appropriate µ, λ ∈ k such that s | ∆ and the coefficient of t8s4 in ∆ is 1.
(2.) We write d1 = d1,0s + d1,1t. Then, x 7→ x, y 7→ y + λtx + e2t, where λ is chosen in such a way
that λ2 + λ = d1,1. This yields the equation
y2 + txy = x3 + a2,1tsx
2 + a6,5t
5s+ a6,4t
4s2 + a6,3t
3s3 + t2s4 with a2,1 + a6,3 = 0.
(3.) We have ∆ = t8s(a6,5t3 + a6,4t2s + a6,3ts2 + s3). By Tate’s algorithm we see that the RDP
configuration on X is D5 + A3 if a6,5 = a6,4 = a6,3 = 0, that it is D5 + A2 if (a6,5 = a6,4 =
0 and a6,3 6= 0) or (a26,3 = a6,4 and a36,3 = a6,5 6= 0), that it is D5 + 2A1 if a6,5 = a6,3 = 0 and
a6,4 6= 0, that it is D5 +A1 if (a6,5 = 0 and a6,3 6= 0) or a6,5 = a6,4a6,3 6= 0, and that it is only D5
otherwise.
Lang’s Type 5B (I∗2). First, we note that there seems to be a typo in [Lan00, Case 5B., p.5825] in the sense
that the fiber type should be (I∗2) instead of (I∗1). X is given by y2 + txy+ c0t3y = x3 +d1tx2 +e1t3x+ c1t5
with t - d1, t - e1 and ci, di, ei ∈ k[t, s] homogeneous of degree i.
(0.) We want to transform the Weierstraß equation into one of the form (W2). For this, send x 7→ c0t2 to
obtain the new equation y2 + txy = x3 + d1tx2 + e1t3x+ c1t5 with t - d1 and t - e1.
(1.) For this new equation, we have ∆ = t10(e21 + c1t). Since t - e1, we can apply a substitution of the
form s 7→ µs+ λt for appropriate µ, λ ∈ k such that s | ∆ and the coefficient of t10s2 in ∆ is 1.
(2.) We write d1 = d1,0s+ d1,1t, where d1,0 6= 0. Then, x 7→ x, y 7→ y+ λtx+ e1t2, where λ is chosen
in such a way that λ2 +λ = d1,1. This yields the equation y2 + txy = x3 +a2,1tsx2 +a6,5t5s+ t4s2
with a2,1 6= 0.
(3.) We have ∆ = t10s(a6,5t + s). By Tate’s algorithm we see that the RDP configuration on X is
D6 +A1 if a6,5 = 0, and D6 otherwise.
Lang’s Type 5C (I∗3). X is given by y2 + txy + c0t3y = x3 + d1tx2 + e0t4x + d0t6 with t - c0, t - d1 and
ci, di, ei ∈ k[t, s] homogeneous of degree i.
(0.) We want to transform the Weierstraß equation into one of the form (W2). For this, send x 7→ c0t2 to
obtain the new equation y2 + txy = x3 + d1tx2 + e0t4x+ c1t5 with t - d1 and t - c1.
(1.) For this new equation, we have ∆ = t11(c1 + e20t). Since t - c1, we can apply a substitution of the
form s 7→ µs+ λt for appropriate µ, λ ∈ k such that s | ∆, i.e., (c1 + e20t) = s.
(2.) We write d1 = d1,0s+ d1,1t, where d1,0 6= 0. Then, x 7→ x, y 7→ y+ λtx+ e0t3, where λ is chosen
in such a way that λ2 + λ = d1,1. This yields the equation y2 + txy = x3 + a2,1tsx2 + t5s with
a2,1 6= 0.
(3.) We have ∆ = t11s and the RDP configuration on X is D7.
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Lang’s Type 5D (I∗4). This equation has been simplified by Lang in [Lan94] and it is as described in the
second column of Table 4.
Lang’s Type 6 (IV∗). X is given by y2 + txy + c1t2y = x3 + d0t2x2 + e1t3x + c2t4 with t - c1 and
ci, di, ei ∈ k[t, s] homogeneous of degree i.
(0.) We want to transform the Weierstraß equation into one of the form (W2). For this, send x 7→ c1t
to obtain the new equation y2 + txy = x3 + d1tx2 + e2t2x + c3t3 with t - e2, t | (d21 + e2) and
t | (d1e2 + c3).
(1.) For this new equation, we have ∆ = t8(c3t + e22). Since t - e2, we can apply a substitution of the
form s 7→ µs+ λt for appropriate µ, λ ∈ k such that s | ∆ and the coefficient of t8s4 in ∆ is 1.
(2.) We write d1 = d1,0s+ d1,1t, where d1,0 6= 0. Then, x 7→ x, y 7→ y + λtx+ e2t, where λ is chosen
in such a way that λ2 + λ = d1,1. This yields the equation
y2 + txy = x3 + tsx2 + a6,5t
5s+ a6,4t
4s2 + t3s3 + t2s4.
(3.) We have ∆ = t8s(a6,5t3+a6,4t2s+ts2+s3). By Tate’s algorithm we see that the RDP configuration
on X is E6 + A2 if a6,5 = a6,4 ∈ {0, 1}, that it is E6 + A1 if (a6,5 = 0 and a6,4 6= 0) or
a6,5 = a6,4 6∈ {0, 1}, and that it is only E6 otherwise.
Lang’s Type 7 (III∗). X is given by y2 + txy + c0t3y = x3 + d0t2x2 + e1t3x + f1t5 with t - e1 and
ci, di, ei, fi ∈ k[t, s] homogeneous of degree i.
(0.) We want to transform the Weierstraß equation into one of the form (W2). For this, send x 7→ c0t2 to
obtain the new equation y2 + txy = x3 + d0t2x2 + e1t3x+ f1t5 with t - e1.
(1.) For this new equation, we have ∆ = t10(e21 + f1t). Since t - e1, we can apply a substitution of the
form s 7→ µs+ λt for appropriate µ, λ ∈ k such that s | ∆ and the coefficient of t10s2 in ∆ is 1.
(2.) Then, x 7→ x, y 7→ y + λtx+ e1t2, where λ is chosen in such a way that λ2 + λ = d0. This yields
the equation y2 + txy = x3 + a6,5t5s+ t4s2.
(3.) We have ∆ = t10s(a6,5t + s). By Tate’s algorithm we see that the RDP configuration on X is
E7 +A1 if a6,5 = 0, and E7 otherwise.
Lang’s Type 8 (II∗). This equation has been simplified by Lang in [Lan94] and it is as described in the
second column of Table 4.
Lang’s Type 12A (I∗0). X is given by y2 + c1t2y = x3 + d1tx2 + e1t3x + c3t3 with t - c1, t - c3 and
ci, di, ei ∈ k[t, s] homogeneous of degree i.
(0.) The Weierstraß equation is already of the form (W2’).
(1.) We have ∆ = t8c41. Since t - c1, we can apply a substitution of the form s 7→ µs+λt for appropriate
µ, λ ∈ k such that c1 = s. We write c3 = c3,0s3 + c3,1ts2 + c3,2t2s + c3,3t3. Then, since t - c3,
scaling s→ λ2s, t 7→ λ−1t for an appropriate λ yields c3,0 = 1.
(2.) Let us write d1 = d1,0s+ d1,1t and e1 = e1,0s+ e1,1t. Then, we carry out the substitution
x 7→ x+√e1,1t2, y 7→ y +
√
d1,1 +
√
e1,1tx+ λt
2s+ (c3,2 + e1,0
√
e1,1 + d1,0e1,1)t
3,
where λ2 + λ = c3,1. This yields y2 + t2sy = x3 + a2,1tsx2 + a4,3t3sx+ a6,6t6 + t3s3.
(3.) We have ∆ = t8s4. By Tate’s algorithm we see that the RDP configuration on X is D4 + A2 if
a6,6 = a4,3 = 0, that it is D4 +A1 if a6,6 = 0 and a4,3 6= 0, and that it is D4 otherwise.
Lang’s Type 12B (I∗0). X is given by y2 + c0t3y = x3 + d1tx2 + c1t3x + c3t3 with t - c0, t - c3 and
ci, di ∈ k[t, s] homogeneous of degree i. For the simplification of this equation, we will not follow the
procedure described in the beginning of the proof, but perform the substitutions in a different order.
(a.) First, applying x 7→ x + d1t and then, scaling x 7→ λ3x, y 7→ λ2y for an appropriate λ yields the
new equation y2 + t3y = x3 + c2t2x+ c3t3 with t - c3.
(b.) Since t - c3, we can apply a substitution of the form s 7→ µs+ λt for appropriate µ, λ ∈ k to obtain
a c3 of the form c3 = s3 + a2s2t+ ast2 + c3,3t3 for some a ∈ k.
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(c.) Finally, y 7→ y + ast2 + µt3 with µ2 + µ = c3,3 yields
y2 + t3y = x3 + (a4,2s
2 + a4,3ts+ a4,4t
2)t2x+ s3t3.
(3.) Since ∆ = t12, there are no other reducible fibers and the RDP configuration on X is D4.
Lang’s Type 13A (I∗1). X is given by y2 + c1t2y = x3 + d1tx2 + e1t3x + d2t4 with t - c1, t - d1 and
ci, di, ei ∈ k[t, s] homogeneous of degree i.
(1.) We have ∆ = t8c41. Since t - c1, we can apply a substitution of the form s 7→ µs+λt for appropriate
µ, λ ∈ k such that c1 = s. Then, since t - d1, we can scale s and t such that d1 = s+ d1,1t.
(2.) Let us write e1 = e1,0s + e1,1t and d2 = d2,0s2 + d2,1ts + d2,2t2. The substitution x 7→ x +√
e1,1t
2, y 7→ y + e1,0tx + λt2s +
√
d1,1e1,1 + d2,2t
3 with λ2 + λ = d2,0 yields the new equation
y2 + t2sy = x3 + (a2,2t
2 + ts)x2 + a6,5t
5s.
(3.) We have ∆ = t8s4. By Tate’s algorithm we see that the RDP configuration on X is D5 + A2 if
a6,5 = a2,2 = 0, that it is D5 +A1 if a6,5 = 0 and a2,2 6= 0, and that it is D5 otherwise.
Lang’s Type 13B (I∗2). X is given by y2 + c0t3y = x3 + d1tx2 + e1t3x + f1t5 with t - c0, t - e1 and
ci, di, ei, fi ∈ k[t, s] homogeneous of degree i.
(1.) Since t - e1, we can apply a substitution of the form s 7→ µs+ λt for appropriate µ, λ ∈ k such that
e1 = s. Then, since t - c0, we can scale s and t such that c0 = 1.
(2.) Let d1 = d1,0s+ d1,1t and f1 = f1,0s+ f1,1t. The substitution x 7→ x+ λt2, y 7→ y + λ2tx+ µt3,
where λ and µ are chosen such that d1,0λ2 + λ = f1,0 and µ2 + µ = λ3 + d1,1λ2 + f1,1, yields the
new equation y2 + t3y = x3 + (a2,2t2 + a2,1ts)x2 + t3sx.
(3.) Since ∆ = t12, the RDP configuration on X is D6.
Lang’s Type 13C (I∗3). X is given by y2 + c0t3y = x3 + d1tx2 + d0t4x + e0t6 with t - c0, t - d1 and
ci, di, ei ∈ k[t, s] homogeneous of degree i.
(1.) Since t - d1, we can apply a substitution of the form s 7→ µs + λt for appropriate µ, λ ∈ k such
that d1 = s. Then, since t - c0, we can scale s and t such that c0 = 1. Further, we apply the
P1-automorphism s 7→ s+ d20t to obtain y2 + t3y = x3 + tsx2 + d20t2x2 + d0t4x+ e0t6.
(2.) Then the substitution y 7→ y + d0tx+ λt3 with λ2 + λ = e0 yields y2 + t3y = x3 + tsx2.
(3.) Since ∆ = t12, the RDP configuration on X is D7.
Lang’s Type 14 (IV∗). X is given by y2+c1t2y = x3+d0t2x2+e1t3x+d2t4 with t - c1 and ci, di, ei ∈ k[t, s]
homogeneous of degree i.
(1.) Since t - c1, we can apply a substitution of the form s 7→ µs+ λt for appropriate µ, λ ∈ k such that
c1 = s.
(2.) Let us write e1 = e1,0s+e1,1t and d2 = d2,0s2 +d2,1ts+d2,2t2. The substitution x 7→ x+√e1,1t2,
y 7→ y + e1,0tx + λt2s +
√
d0e1,1 + d2,2t
3 with λ2 + λ = d2,0 yields the new equation y2 + t2sy
= x3 + a2,2t
2x2 + a6,5t
5s.
(3.) We have ∆ = t8s4. By Tate’s algorithm we see that the RDP configuration on X is E6 + A2 if
a6,5 = a2,2 = 0, that it is E6 +A1 if a6,5 = 0 and a2,2 6= 0, and that it is E6 otherwise.
Lang’s Type 15 (III∗). X is given by y2 + c0t3y = x3 + d0t2x2 + e1t3x + d1t5 with t - c0, t - e1 and
ci, di, ei ∈ k[t, s] homogeneous of degree i.
(1.) Since t - e1, we can apply a substitution of the form s 7→ µs+ λt for appropriate µ, λ ∈ k such that
e1 = s. Then, since t - c0, we can scale s and t such that c0 = 1. Let us write d1 = d1,0s + d1,1t
and apply the P1-automorphism s 7→ s+ (d21,0 +
√
d0 + d1,0)t to obtain y2 + t3y = x3 + d0t2x2 +
t3sx+ (d21,0 +
√
d0 + d1,0)t
4x+ d1,0t
5s+ d1,0(d
2
1,0 +
√
d0 + d1,0)t
6 + d1,1t
6.
(2.) Finally, the substitution x 7→ x+d1,0t2, y 7→ y+
√
d0 + d1,0tx+λt
3 with λ2 +λ = d31,0 +d0d
2
1,0 +
d1,1 yields the simplified equation y2 + t3y = x3 + t3sx.
(3.) Since ∆ = t12, the RDP configuration on X is E7.
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Lang’s Type 16 (II∗). This equation has been simplified by Lang in [Lan94] and it is as described in the
second column of Table 4.
Quasi-elliptic surfaces: Ito’s Types 5.2.(a) (II∗), 5.2.(b) (I∗4), 5.2.(c) (III
∗), 5.2.(d) (2I∗0), 5.2.(e) (I∗2) and
5.2.(f) (I∗0). These equations have been simplified by Ito in [Ito94, Theorem 5.2.] and they are as described
in the second column of Table 2, where we only simplified the equation for 5.2.(e) in order to put the D6
singularity at (t, x, y) = (0, 0, 0). 
Example 4.5. Consider Lang’s Type 5B. simplified as in the proof of Proposition 4.4 and localized at the
D6 singularity at t = x = y = 0:
f = y2 + txy + (x3 + a2,1tx
2 + a6,5t
5 + t4) = 0.
Applying Proposition 2.2, we have
Tf = k[t, x, y](t,x,y)/(f, a2,1x
2 + a6,5t
4 + xy, x2 + ty, tx)
∼= k[t, x, y](t,x,y)/(y2 + a6,5t5 + t4, a2,1x2 + a6,5t4 + xy, x2 + ty, tx)
∼= k[t, x, y](t,x,y)/(y2 + t4, a2,1x2 + a6,5t4 + xy, x2 + ty, tx) =: R,
where for the first isomorphism we have used that x3 = xty = 0 and for the second isomorphism we have
used that a6,5t5 = a2,1x2t + xyt = 0. Now, it is easy to check that R is generated as a k-vector space by
1, x, y, t, x2, y2, t2, t3, hence dimTf = 8. Therefore, by Table 6, the Artin coindex of this D6 singularity is
2.
Remark 4.6. Using our results, it is straightforward to list all RDP configurations Γ such that the associated
configuration of (−2)-curves Γ′ occurs on a weak del Pezzo surface, but Γ itself does not occur on any RDP
del Pezzo surface. By Theorem 1.2, this phenomenon happens only in characteristic 2 and there precisely if
Γ ∈ {E18 , E28 , E17 +A1, E17 , E27 +A1, D18, D28, D07, D06, D16 + 2A1, D16 +A1, D26 + 2A1,
D05 +A3, D
0
5 + 2A1, D
0
4 +D
1
4, D
0
4 +A3, D
1
4 +D
1
4, D
1
4 + 4A1, D
1
4 + 3A1}.
It would be interesting to find an abstract reason for the non-existence of those Artin coindices on RDP del
Pezzo surfaces.
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